Lecture 19 Po\gmowﬂa\s and  linear tronsformotions

Ex  Parametrize all polynomials pt) € I with

P(-2)=2, p(O)=4, p(l)=

Sol Consider the linear transformation T: [P — IR given by

We solve the eoou&ﬁoxn T(pet) =% with

4l

The standard watrix has columns T, T, THE), T .

PHE)=1: p-2)=1, pO)=1, ptl=1 = TU) li
2
Plt)=t: p-2)=-2, plo)=0, ptl=1 = T(t)=]| 0O

4
PH)=1": p(-2)=4, p(O)=0, pll)=1 = T(t) {o:|
|

Hence the standard wotrix is

| 2 4 -8
A=]1 00 DO0|.
I



Now we can

=T

convert +the equation T(prd) into o motrix

eoouaﬁon AY:—H ‘og sefﬁﬂg YZ[P(JC)].

| 2 4-8 2 Mo 00 4
| D00 4 L o o 2 3
L8 ooM-l |
A b
Xi = X|:4' ;:' ?)-_2(:
= | Xat2¥e = 3 = Xz=5—2X4:T>Y= xi ol R
Xa— Xq= | Xa= |+ X4 x:=c
LXQJ L CJ

As we set X

=[pt)] | we find

Pt =4+ (3 —20) t+(1+C) >+t

Note (1) This example demonstrates polynomiol inferpolation, which refers

to the process of finding polynomials whose gqrophs pass through

speci\aic p

oints.

(2) We moy write the solution as

pet) = (4+3t+t*)+C(-2t+t*+1°)
= (4+3t+t3)+Ct(t-1)(€t+2) .

The first polynomial 4+3t+t* is given by the last column in

the RREF, whereos the second polynomiol € (t=1)(t+2) has

roots at

t=-2,0,1.

specified inputs




Ex Find 4he polynomial solution of the ditterentiol equation
PLO + 2P (0) +3p"(t) = 2"+ 3t +5 .
Sol  Consider the linear transtormation T: 1B — R given by
T(PM) = prt)+2P'(4) + 3p"(+) |
We solve fhe eaouaﬁom T(p) = 2> +3t+5.

The standard matrix has columns [TW], [T, [Te)].
* T, T, THE) themselves are not column vectors
PH)=1:p)=0,p't)=0= T(I)=1+2:0+3- 0=
ptl=t:p)=1,p'=0= Tt)=t+2: 1 +30=1+2
POI=1": P)=2t, P' (D=2 T(t) =t"+2:2t+3-2=t"+41+6

Hence the standard motrix is

| 2 6
A=[0 1 4.
OO |

% Since | ‘takes values n P, each coordinate vector has 3 entries
[ with standard basis of 17 given by 1,t,t*)

Now we can convert he equation TP = 2> +3t+5 into

o matrix equation AX= [2t7+3t+5] by setting X=[pct)].

| Mo 0 3
{o }5@1{0@05]
0 coM® 2

= X=3, X%=-5, X:=2

> O — N
__l_\_.O\
N O O

As we sef Y=[P(Jc):l) we find pet)=|3+5t+2t>




